Büchi's problem asks whether there exists a positive integer M such that any sequence (xn) of at least M integers, whose second difference of squares is the constant sequence (2), satisifies x 2 n = (x + n) 2 for some x ∈ Z. A positive answer to Büchi's problem would imply that there is no algorithm to decide whether or not an arbitrary system of quadratic diagonal forms over Z can represent an arbitrary given vector of integers. We give explicitly an infinite family of polynomial parametrizations of non-trivial length 4 Büchi sequences of integers. In turn, these parametrizations give an explicit infinite family of curves (which we suspect to be hyperelliptic) with the following property: any integral point on one of these curves would give a length 5 non-trivial Büchi sequence of integers (it is not known whether any such sequence exists).
If A has characteristic 0, we will call trivial Büchi sequence any sequence satisfying : there exists x ∈ A such that x 2 i = (x + i) 2 for all i = 1, . . . , . Büchi's problem over A asks whether there exists an integer M such that no non-trivial Büchi sequence of length at least M exists. If such an M exists, we call M (A) the smallest one, and M f (A) the least M such that there are only finitely many non-trivial Büchi sequences of length M . Hence, if one proves that M f (A) exists, then one obtains automatically a positive answer to Büchi's problem for some M ≥ M f (A) .
If A is a ring of functions, then it is required that at least one x i is transcendental over the prime subring of A (also in the case where A has positive characteristic, the concept of trivial sequence has to be adapted -see for example [PPV] ).
Büchi got interested in this problem when he realized that from a positive answer to it he would be able to prove that there is no algorithm to decide whether or not an arbitrary system of quadratic diagonal forms can represent an arbitrary given vector of integers (which, if true, would be one of the strongest forms of the negative answer to Hilbert's tenth problem).
Büchi's problem remains open for the integers, but P. Vojta [Vo] showed that M f (Q) would be 8 (actually the proof goes through for any number field) if Bombieri conjecture would be true for surfaces. It is striking that even though we cannot prove that Büchi's problem has a positive answer, no non-trivial Büchi sequence of length even just 5 over Z is known to exist. Actually Büchi had conjectured that M (Z) = 5.
Büchi's problem is known to have a positive answer over many usual rings of functions : fields of complex and p-adic complex meromorphic functions ( [Vo] , [P3] ), function fields in characteristic zero or large enough ( [Vo] , [PV2] , [PV3] , [ShV] ). Most of these results have been generalized to stronger forms in [P1] and [P3] . A higher power version of Büchi's problem was introduced in [PV1] (looking at k-th difference of k-th powers), but very few results have been obtained so far : it has a positive answer for any power over finite fields F p -see [P2] -and for cubes over rings of polynomials -see [PV4] . We refer to the surveys [PPV] for results in these directions.
In [A] , [Bre] and [BB] one can find results about analogues of Büchi's problem where the constant sequence (2) is replaced by another constant sequence.
Büchi sequences of length 3 are not difficult to characterize over Q, and with some divisibility conditions one obtains a complete characterization of sequences over Z -they are infinitely many -see [H2, Theorem 2.1] or [PPV, Section 7] . We also know a characterization over Z that does not require any divisibility condition (i.e. without any reference to Q) -see [SaV] .
Already Hensley [H2] knew that there exist infinitely many length 4 Büchi sequences of integers. Obtaining a "good" characterization for (a cofinite subset of the set of all) length 4 sequences of integers could be a key step for solving Büchi's problem : proving that no sequences of length 4 (but finitely many) can be extended to length 5 could then be quite easier, and would prove that M f (Z) = 5.
This work presents an effort to characterize all but finitely many Büchi sequences of length 4 over the integers. The idea comes from an unpublished paper by D. Hensley [H2] from the early eighties, where a polynomial parametrization of degree 3 for length 4 integer sequences is described, and from a paper by R. G. E. Pinch [Pi] from 1993 where he lists many length 4 non-trivial Büchi sequences and shows that none of them can be extended to length 5 sequences.
In Section 2 we give explicitly a birational map ζ on X 4 , of infinite order, with the following property (proved in Section 3) : Theorem 1.1. For any t ∈ Z and any non-negative integer n, the n-th iterate
has the form ξ(n, t) = (ξ 1 (n, t), ξ 2 (n, t), ξ 3 (n, t), ξ 4 (n, t))
where each ξ i (n, t) is a polynomial in t of degree 2n + 1.
The polynomials ξ i (n, t) ∈ Z[t] are given explicitly in Section 3 : they satisfy the following linear second order recurrence relation : for all n ≥ 0 ξ(n + 2, t) = f (t)ξ(n + 1, t) − ξ(n, t), where f (t) = 2t 2 + 10t + 10, and with initial values ξ(0, t) = (t + 1, t + 2, t + 3, t + 4) ξ(1, t) = (2t 3 + 12t 2 + 19t + 6, 2t 3 + 14t 2 + 31t + 23, 2t 3 + 16t 2 + 41t + 32, 2t 3 + 18t 2 + 49t + 39).
In other words, there are infinitely many non-trivial parametrizations of Büchi sequences of length 4 over the integers (one can prove that they are essentially distinct, as they give rise to distinct sequences). Iterating ζ on known rational parametrizations over Q gives rise to infinitely many rational parametrizations (points of X 4 (Q(t))).
The parametrization ξ(1, t) is actually the one that D. Hensley [H2] had found in the early eighties, and no other polynomial parametrization seemed to be known to this day.
In Section 4, we present two more polynomial parametrizations over Z, of degree 4, and one polynomial parametrization over Q, also of degree 4. Then we give a non-exhaustive list of rational parametrizations which are not polynomial parametrizations. Computationally, it seems that there are no other polynomial parametrizations than the ones we already found, but we cannot prove it.
Also we cannot prove the following, which seems to be true computationally : none of these parametrizations can represent an integer solution that extends to a length 5 Büchi sequence. Indeed, consider for example the sequence ξ(1, t) = (x 1 (t), x 2 (t), x 3 (t), x 4 (t)) given above. Asking for this sequence to extend, for some fixed integer t, to a length 5 sequence is asking whether either 2x 
have an integer point? In Section 7, we list all integer solutions that we found and that we were not able to parametrize (i.e.: they seem not to belong to the image of a polynomial parametrization). With first term at most 1052749, they are 121 (counting only the strictly increasing sequences of positive integers) and we do not know whether or not we are missing finitely many. From the figure at the end of the section, it seems clear that the quantity of points that we are "missing" is decreasing exponentially with respect to the size of the points. None of these (non-parametrized) points can extend to a length 5 solution, as is easily verified with a computer software.
The symbol † in the text will mean that we are using a computer software for the formal computation. We have used exclusively the open source software Xcas 0.8.6 and 0.9.0 for all our computations: Giac/Xcas, Bernard Parisse et Rene De Graeve, version 0.8.6 (2010) http://www-fourier.ujf-grenoble.fr/∼parisse/giac fr.html 2 Some birational maps on X 4 Notation 2.1.
1. Denote by Bir(X 4 ) the group of birational maps on X 4 .
2. Let τ and µ i , i = 1, 2, 3, 4, denote the following automorphisms of X 4 :
Lemma 2.5. The map ϕ is a rational map on X 4 .
Proof. One needs to replace formally ( †) a 2 by 2b 2 − c 2 + 2 and d 2 by 2c 2 − b 2 + 2 in the expressions (ϕ 1 + 2 in ϕ i (ϕ(x 1 , x 2 , x 3 , x 4 )) and doing the obvious simplifications ( †), one obtains x i . Note that it is not hard to prove this lemma without the help of a computer, by using the fact (verifiable by hand) that
Observe that since ϕ is birational, also ζ = ϕτ µ 14 is birational.
Notation 2.7. Write Γ for the subgroup of Bir(X 4 ) generated by Γ 1 and ϕ.
Unfortunately, we do not know the presentation of Γ, but the next two lemmas give us some useful information about it.
Lemma 2.8. We have τ ϕ = ϕτ and τ ζ = ζτ .
Proof. Verifying that τ ϕ − ϕτ = 0 needs replacing a 2 by 2b 2 − c 2 + 2 everywhere it occurs in the expression ( †). Recalling the definition of ζ = ϕτ µ 14 , we have
Lemma 2.9. The map ζ has infinite order.
Proof. The sequence (u n ) defined for n ≥ 0 by
is strictly increasing (since (5 + √ 24) n is strictly increasing and 0 < 5 − √ 24 < 1). Also it satisfies ( †) the recurrence relation
(hence it is a sequence of integers). Therefore, we have
Let us show that for any n ≥ 1, we have
Since ( and Equation (4) is true for n = 2. Suppose that it is true up to n. We have
= ζ(u n (6, 23, 32, 39) − u n−1 (1, 2, 3, 4)) = u n+1 (6, 23, 32, 39) − u n (1, 2, 3, 4), where the last equality can be verified with the use of a computer software. This finishes the induction.
Since the second component of (ζ
which is strictly positive by Equation (3), this shows that ζ has infinite order.
Note that from the above proof we also obtain :
= 10(u n−1 (6, 23, 32, 39) − u n−2 (1, 2, 3, 4)) − (u n−2 (6, 23, 32, 39) − u n−1 (1, 2, 3, 4))
for all n ≥ 2.
Büchi sequences of length 4 over Z[t]
Notation 3.1. For all n ≥ 0, write ξ(n, t) = (ξ 1 (n, t), ξ 2 (n, t), ξ 3 (n, t), ξ 4 (n, t)) where
Theorem 3.2. We have :
1. ξ(0, t) = (t + 1, t + 2, t + 3, t + 4).
2. ξ(1, t) = (2t 3 + 12t 2 + 19t + 6, 2t 3 + 14t 2 + 31t + 23, 2t 3 + 16t 2 + 41t + 32, 2t 3 + 18t 2 + 49t + 39).
For all
where f (t) = 2t 2 + 10t + 10.
4. For each n ≥ 0, ξ(n, t) is a 4-tuple of polynomials of degree 2n + 1 in the variable t.
5. For all n ≥ 0 and t ∈ Z, the sequence ξ(n, t) is a Büchi sequence.
6. For all n ≥ 0 we have ζ (n) (t + 1, t + 2, t + 3, t + 4) = ξ(n, t).
Proof. Items 1, 2, 3 and 5 are easily verified ( †). Item 4 then comes immediately from Items 1, 2 and 3 by induction on n. We prove Item 6 by induction on n. For n = 0 it is given by Item 1. Suppose it is true up to n. One verifies ( †) that
which finishes the induction.
In the next proposition, we solve the induction in order to find the coefficients of the polynomials ξ i (n, t).
Proposition 3.3. If (u n ) is a sequence of integers satisfying u n+2 = αu n+1 − u n for each n ≥ 0, then we have for each n ≥ 1
Proof. The proof is easy and left to the reader.
For example, applying the above proposition to u n = ξ 1 (n, t) and α = f (t) = 2t 2 + 10t + 10, we obtain
We finish this section with a list of the first three non-trivial parametrizations: 
Other parametrizations
Note that by replacing t by t 2 in a polynomial parametrization of degree n, we obtain a polynomial parametrization of degree 2n. Since there exist non-trivial polynomial parametrizations of any odd degree, there are non-trivial polynomial parametrization of any degree > 2.
The following
4 gives a polynomial parametrization P = (P 1 , P 2 , P 3 , P 4 ) over Q that takes an integer value for each integer t not congruent to 3 modulo 4. Hence one obtains two new polynomial parametrizations over Z as follows : Lemma 5.1. For each n ≥ 0, the Büchi sequences ξ(n, −4), ξ(n, −3), ξ(n, −2) and ξ(n, −1) are trivial sequences.
Proof. From Theorem 3.2, we have for t = −1
for each i = 1, 2, 3, 4, with initial values for n = 0, 1 (reminding that ξ(0, t) = (t + 1, t + 2, t + 3, t + 4)):
and for t = −2:
for each i = 1, 2, 3, 4, with initial values for n = 0, 1
Solving the eight recurrence relations above, we obtain : ξ(n, −1) = (−3n, 3n + 1, 3n + 2, 3n + 3) and ξ(n, −2) = (−1) n (n − 1, −n, n + 1, n + 2) which are clearly trivial sequences. From Equations (5), we have
and
which are also clearly trivial sequences.
Remark 5.2. We deduce from Equations (5) and Lemma 5.1 that it is enough to study the parametrizations ξ(n, t) for t ≥ 0.
Lemma 5.3. If (u n ) is a sequence of integers satisfying u n+2 = αu n+1 − u n for each n ≥ 0, with α ≥ 2, and u 1 > u 0 > 0, then for all n ≥ 1 it satisfies u n+1 > (α − 1)u n > 0.
Proof. We have
Suppose that u n+1 > (α − 1)u n > 0 for some n ≥ 1. We have
Corollary 5.4. For each t ≥ 0 and for each i = 1, . . . , 4, we have
Proof. Fix t ≥ 0. We apply Lemma 5.3 to the sequence u n = ξ i (n, t) for each i = 1, . . . , 4. By Item 3 of Theorem 3.2, u n satisfy the recurrence relation u n+2 = αu n+1 − u n , with α = f (t) = 2t 2 + 10t + 10 ≥ 2.
By Items 1 and 2 of Theorem 3.2, we have
and we conclude in each case by Lemma 5.3.
Lemma 5.5. If (v n ) and (w n ) are sequences of integers both satisfying the same recurrence relation u n+2 = αu n+1 − u n for each n ≥ 0, with α ≥ 2, and u 1 > u 0 > 0, and such that w 0 ≥ v 0 and
If for some n ≥ 1 we have
Corollary 5.6. For each n and each t ≥ 0, the sequence ξ(n, t) is a strictly increasing non-trivial Büchi sequence of positive integers. Moreover, for each i = 1, 2, 3 and for each n ≥ 1 we have
Proof. Fix t ≥ 0. We will apply Lemma 5.5 to the sequences v n = ξ 1 (n, t) and w n = ξ 2 (n, t). By Item 3 of Theorem 3.2, both v n and w n satisfy the recurrence relation u n+2 = αu n+1 − u n , with α = f (t) = 2t 2 + 10t + 10 ≥ 2.
so all the hypothesis of Lemma 5.5 are satisfied and we deduce that ξ 2 (n, t) − ξ 1 (n, t) is a positive integer for each n ≥ 0 and that for each n ≥ 1 we have
The two other cases are verified similarly.
A family of curves associated to length 5 solutions
Each length 4 integer sequence (x 1 , x 2 , x 3 , x 4 ) might extend to the right or to the left. For given integers n ≥ 1 and t ≥ 0, a Büchi sequence ξ(n, t) extends to the right if and only if 2ξ 2 4 (n, t) − ξ 2 3 (n, t) + 2 is a square, and it extends to the left if and only if 2ξ 2 1 (n, t) − ξ 2 2 (n, t) + 2 is a square. So for each n ≥ 1, we want to know whether or not the curves
have integer points at all. The polynomials on the right have degree 2(2n + 1) = 4n + 2. Unfortunately, we cannot prove that all these curves are hyperelliptic (we verified † it only up to n = 18). If it were the case then we would already know that each of them has only finitely many integer points. If there are only finitely many Büchi sequences of length 5, as we suspect, then all but finitely many of these curves has no integer point at all. Here is the equation for (C 7 A List of non-parametrized integer points on X 4
In this section we list the strictly increasing sequences that are not given by any of the parametrizations presented in this paper. The first column is just the number of the line of the matrix. The graph is a plot of the two first columns. The quantity of points that we are not able to parametrize seems to get exponentially towards zero. 
